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Abstract
A surface Σ ⊂ S5 ⊂ C3 is called special Legendrian if the cone 0 × Σ ⊂ C3 is
special Lagrangian. The purpose of this paper is to propose a general method toward
constructing compact special Legendrian surfaces of high genus. It is proved there exists
a compact, orientable, Hamiltonian stationary Lagrangian surface of genus 1 + k(k−3)
2
in
CP 2 for each integer k ≥ 3, which is a smooth branched surface except at most finitely
many conical singularities. If this surface is smooth, it is minimal and the Legendrian
lift of the surface is the desired compact special Legendrian surface.
We first establish the existence of a minimizer of area among Lagrangian disks in
a relative homotopy class of a Ka¨hler-Einstein surface without Lagrangian homotopy
classes with respect to a configuration Γ that consists of the fixed point loci of Ka¨hler
involutions. Γ in addition must satisfy certain null relative homotopy conditions and
angle criteria. The fundamental domain thus obtained is smooth along the boundary,
and has finitely many interior singular points. We then apply successive reflection of this
fundamental domain along its boundary to obtain a complete or compact Lagrangian
surface.
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Introduction
Bryant showed every compact Riemann surface admits conformal minimal embed-
dings in S4 with vanishing complex quartic form [Br1]. With regard to the fibration
Sp(2)→ CP 3 → S4 = HP 1,
such an embedding corresponds to a holomorphic Legendrian curve in CP 3 under Sp(2)
invariant holomorphic contact structure. Similarly, every compact Riemann surface can
1
be immersed as a branched complex curve in S6 with null torsion with respect to G2
invariant almost complex structure via fibration
G2/U(2) = Gr
+(2,R7)→ S6.
The lift of such a complex curve is integral to a rank 3 holomorphic Pfaffian system on
Gr+(2,R7) ⊂ CP 6, for which Cartan gave a local normal form in terms of birational
coordinates [Br2]. These two differential systems for minimal immersion of surfaces have
the same local generality of solutions, i. e., one holomorphic function of one complex
variable [BCG].
The twistor constructions above, as they stand, do not apply to reduce to holomorphic
category the differential systems for minimal immersion of surfaces in odd dimensional
spheres with the same local generality of solutions. For instance, minimal surfaces in
S3 correspond to complex curves in SO(4)/SO(2) with respect to a nonintegrable CR-
structure, Section 7.
A surface Σ ⊂ S5 ⊂ C3 is called special Legendrian if the cone 0× Σ ⊂ C3 is special
Lagrangian. Up to U(3) motion, a special Legendrian surface is a minimal Legendrian
surface, and hence corresponds to a minimal Lagrangian surface in CP 2 via Hopf map.
The purpose of this paper is to propose a general method toward constructing com-
pact special Legendrian surfaces of high genus. It is proved there exists a compact,
orientable, Hamiltonian stationary Lagrangian surface of genus 1 + k(k−3)
2
in CP 2 for
each integer k ≥ 3, which is a smooth branched surface except at most finitely many
conical singularities. If this surface is smooth, it is minimal and the Legendrian lift of
the surface, Proposition 1.6, is then the desired compact special Legendrian surface. As
of this writing, we are not able to resolve the singularities.
Our method of construction is analogous to that of Lawson’s on compact minimal
surfaces in S3 [La1]. We first find a minimizer of certain free boundary problem, and
apply successive reflection of this fundamental domain to obtain a complete Lagrangian
2
surface. If the associated reflection group is finite, the resulting surface is compact. The
reflection principle, to be explained below, is motivated from the reflection principle for
minimal surfaces in S3, and the similarity between the elliptic Monge-Ampere systems
describing special Legendrian surfaces and minimal surfaces in S3.
Let φ be a calibration on a Riemannian manifold X . Consider a compact calibrated
submanifoldM with boundary ∂M ⊂ N , where N is a φ-null submanifold, a submanifold
on which φ = 0. Then via Stokes theorem,M is absolutely mass minimizing in its relative
homology class with respect to N . Thus φ-null submanifolds serve as natural constraints
for free boundary problem for φ-submanifolds. For example, finding a special Lagrangian
submanifold with boundary in a given complex hypersurface in a Calabi-Yau manifold
roughly corresponds to solving Neumann problem.
Since such φ-calibrated submanifold intersects a φ-null submanifold orthogonally
along the boundary, the observation above leads to the following reflection principles;
1. Suppose N is a φ-null submanifold which is a fixed point locus of a ±φ isometric
involution σ of X, i. e., σ∗φ = ±φ. Then any φ-submanifold with boundary in N and
C1 up to boundary can be analytically continued across N via σ.
2. SupposeM is a φ-calibrated submanifold which is a fixed point locus of φ isometric
involution σ. Then any minimal φ-null submanifold with boundary in M and C1 up to
boundary can be analytically continued across M via σ.
Basic facts and fundamental equations for special Lagrangian submanifolds and spe-
cial Legendrian surfaces are recorded in Section 1 and 2. After introducing the reflection
principle for special Lagrangian 3-folds with complex, or anti-special Lagrangian bound-
ary, we describe a set of conditions for the constraining polygon that is necessary for our
construction. Section 5 contains the main theorem that there exists a minimizer of area
of the free boundary problem for Lagrangian surfaces in CP 2, which is smooth along
the boundary and with finitely many interior singular points, if the constraining polygon
satisfy certain vanishing relative homotopy conditions. It is based upon the fundamen-
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tal work of Schoen and Wolfson [ScW], and holds for general Ka¨hler-Einstein surfaces
without Lagrangian homotopy classes. The main theorem is then used in Section 6 to
construct a family of compact Hamiltonian stationary Legendrian surfaces. The con-
straining variety in this case is a complex geodesic triangle derived from the generating
set of a finite unitary reflection group in C3 [Cox]. Section 7 is devoted to the study of
surfaces associated to a given special Legendrian surface. We show in particular that
a compact minimal Lagrangian surface in CP 2 cannot lie in an open geodesic ball of
radius π
2
− arccos( 1√
3
). In Section 8, we give an intrinsic characterization of the induced
Riemannian metrics on special Legendrian surfaces or minimal Lagrangian surfaces in
complex space forms.
We’d like to thank Nancy for her continuing support.
1 Special Lagrangian cones in Cn+1
Let Cn+1 be the complex vector space of dimension n+1, which we always regard as the
real vector space R2n+2 with coordinates (x, y) and the complex structure
J(x, y) = (−y, x),
where x = ( x1, ... xn+1 ), y = ( y1, ... yn+1 ). Let
̟ =
∑
k
dxk ∧ dyk
〈v, w〉 = ̟(v, Jw) for v, w ∈ Cn+1
be the standard Ka¨hler form and the metric. Set zk = xk + i yk, and we denote
Υ = dz1 ∧ ... dzn+1
Υθ = e
iθ Υ
the holomorphic volume form, and holomorphic volume form of phase eiθ.
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Let Gr+
R
(k,Cn+1) be the set of oriented real Grassmann k-planes in Cn+1. An element
σ ∈ Gr+
R
(k,Cn+1) is called isotropic if ̟|σ = 0, 1 ≤ k ≤ n + 1 necessarily, and it is
called Lagrangian when k = n + 1. We denote
Isot+(k,Cn+1) = { σ ∈ Gr+
R
(k,Cn+1) | ̟|σ = 0 }
= SU(n + 1)/(SO(k)× SU(n + 1− k))
Slag(n+ 1) = { L ∈ Gr+
R
(n+ 1,Cn+1) | dvolL = Re(Υ)|L }
= SU(n + 1)/SO(n+ 1)
Slag(n+ 1)⊥ = { L′ ∈ Gr+
R
(n+ 1,Cn+1) | dvolL′ = −Im(Υ)|L′ }
= { (−1)n2+1J(L) = L⊥ | L ∈ Slag(n+ 1) } if n+ 1 is odd.
An element of Slag(n+1) is called a special Lagrangian (n+1)-plane, and it is character-
ized, up to choice of right orientation, as a Lagrangian (n+1)-plane on which Im(Υ) = 0.
Lemma 1.1 [HL1] Given σ ∈ Isot+(n,Cn+1), there exists a unique special Lagrangian
(n+ 1)-plane Lσ such that σ ⊂ Lσ.
Lemma 1.1 provides a double fibration
Isot+(n,Cn+1)
ցւ
S2n+1 Slag(n+ 1).
π2π1
Each fiber of the projection π1 is identified with Slag(n) and each fiber of π2 with S
n.
Let M be an oriented manifold of dimension n + 1.
Definition 1.1 An immersion u :M → Cn+1 is special Lagrangian if
du(TpM) ∈ Slag(n+ 1)
for each p ∈ M . The image u(M) of such an immersion is a special Lagrangian sub-
manifold.
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Note that a special Lagrangian submanifold is orientable.
Proposition 1.1 [HL1] An immersion u : M → Cn+1 is minimal Lagrangian if and
only if
u∗Re(Υθ) = dvolM
for some constant θ.
Such θ is called the phase of the minimal Lagrangian submanifold. Minimal Lagrangian
submanifolds of phase θ are thus integral manifolds of the differential system
Iθ = { ̟, Im(Υθ) }. (1)
Since each Re(Υθ) gives a calibration in C
n+1, a minimal Lagrangian submanifold is
absolutely mass minimizing in the relative homology class with respect to its boundary.
In particular, C1 special Lagrangian submanifolds are real analytic.
The following is a direct consequence of Lemma 1.1 and the fact the differential
system (1) is involutive [BCG].
Proposition 1.2 Let Nn ⊂ Cn+1 be a connected, analytic, isotropic submanifold of
dimension n. There exists a unique maximal connected special Lagrangian submanifold
Mn+1 that contains Nn.
We mention that real analyticity assumption on N is necessary both for existence and
uniqueness.
Let S2n+1 = { v ∈ Cn+1 | |v| = 1 } with the U(n + 1) invariant contact structure
generated by the contact 1-form
~r y̟|S2n+1, (2)
where ~r =
∑
k x
k ∂
∂xk
+ yk ∂
∂yk
. A k-dimensional submanifold of S2n+1 is called isotropic
if it is tangent to the contact hyperplane distribution, 1 ≤ k ≤ n necessarily, and it is
called Legendrian when k = n.
Let Σ be an oriented manifold of dimension n.
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Definition 1.2 An immersion u : Σ→ S2n+1 ⊂ Cn+1 is special Legendrian if the cone
0 × u(Σ) is special Lagrangian. The image u(Σ) of such an immersion is a special
Legendrian submanifold.
Here the cone is given the product orientation of Σ×R+. A special Legendrian subman-
ifold is necessarily orientable.
Proposition 1.3 Let u : Σ→ S2n+1 be a minimal Legendrian immersion.
1. The cone 0 × u(Σ) is minimal Lagrangian in Cn+1. In particular, C1 special
Legendrian submanifolds are real analytic.
2. When coupled with the Hopf map π : S2n+1 → CP n, π◦u : Σ→ CP n is a minimal
Lagrangian immersion with respect to the standard Ka¨hler structure of CP n.
By definition, special Legendrian submanifolds are integral manifolds of the involutive
differential system
I = {~r y̟, ̟, ~r y Im(Υ) }. (3)
Proposition 1.4 Let γn−1 ⊂ S2n+1 be a connected, analytic, isotropic submanifold of di-
mension n− 1. There exists a unique maximal connected special Legendrian submanifold
Σn that contains γn−1.
Example 1.1
1. Let L ⊂ Cn+1 be a special Lagrangian (n+1)-plane. The geodesic sphere L∩S2n+1
is special Legendrian in S2n+1. Its image under Hopf map is the standard
RP n ⊂ CP n. (4)
2. Let M(n, C) = Cn
2
be the space of n-by-n complex matrices. Then the cone
0 × SU(n) ⊂ M(n, C) is minimal Lagrangian with the associated minimal Lagrangian
7
embedding
SU(n)/Zn → CP n2−1, (5)
where Zn is the center of SU(n).
3. Let Sym(n, C) = C
n(n+1)
2 be the space of symmetric complex n-by-n matrices.
Consider 0× Slag(n) ⊂ Sym(n,C), where
Slag(n) = {UU t ∈ Sym(n,C) | U ∈ SU(n) }.
It is a minimal Lagrangian cone with the associated minimal Lagrangian immersion
Slag(n)→ CP n(n+1)2 −1. (6)
Note that this observation implies a natural map
Slag(n)→ Slag(n(n+ 1)
2
),
which is also the restriction of the Veronese embedding CPm → CP m(m+1)2 −1, m =
n(n+1)
2
− 1.
4. Let A(2n, C) = Cn(2n−1) be the space of skew symmetric complex 2n-by-2n ma-
trices. U ∈ SU(2n) acts on this space by A → U AU t for A ∈ A(2n, C). The orbit of
the matrix

 0 In
−In 0

 is SU(2n)/Sp(n), and the cone 0 × SU(2n)/Sp(n) ⊂ A(2n, C)
is minimal Lagrangian. The associated minimal Lagrangian immersion is
SU(2n)/Sp(n)→ CP (2n+1)(n−1). (7)
5. Let V 27 be the real vector space of Octonianic Hermitian 3-by-3 matrices and VC
its complexification. The compact simple Lie group E6 has a faithful special unitary
representation on VC with F4 as the stabilizer of the identity matrix. The cone 0×E6/F4
is minimal Lagrangian in VC with the associated minimal Lagrangian immersion
E6/F4 → CP 26. (8)
Examples (4), (5), (6), (7), and (8) are in fact the only irreducible minimal Lagrangian
submanifolds of complex projective spaces with parallel second fundamental form [Na].
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Example 1.2 Consider the minimal Lagrangian cone
{ (z1, ... zn+1) ∈ Cn+1 | |z1| = ... |zn+1|, Im(z1z2 ... zn+1) = 0 }.
It has the hexagonal n-torus as its link, where a hexagonal n-torus is the quotient of
Clifford (n + 1)-torus by the diagonal action of S1. Hopf map induces an (n + 1)-fold
cover onto its image, which is again called a hexagonal torus in CP n.
Special Legendrian differential system on S2n+1 can be considered as a compact real
form of the differential system describing complex affine spheres in Cn+1. In this per-
spective, the product of minimal Lagrangian submanifolds below is a compact real form
of the product for affine spheres introduced by Calabi [Cal].
Proposition 1.5 Let Mnii ⊂ CP ni, ni ≥ 0, be a minimal Lagrangian submanifold for
i = 1, ...k. There exists a product minimal Lagrangian submanifold
(M1 ⊗ ... ⊗ Mk)n ⊂ CP n
where n =
∑
i(ni + 1)− 1.
Proof. Let π−1(Mi) ⊂ S2ni+1 be the inverse image of Mi under the Hopf map, which
is a minimal submanifold. We scale each of π−1(Mi) by a factor ri = (
ni+1
n+1
)
1
2 , denote
it M˜i, so that the product M˜1 × ... × M˜k ⊂ Sn+1 is a minimal submanifold. Now
π(M˜1 × ... × M˜k) ⊂ CP n is a minimal Lagrangian submanifold. 
Note that
M1 ⊗ ... ⊗ Mk →M1 × ... × Mk
is a (k − 1) dimensional torus bundle. In fact, minimal Lagrangian torus in CP n of
Example 1.2 is a product of n + 1 minimal Lagrangian submanifolds RP 0 ⊂ CP 0. We
also mention that the product of Hamiltonian stable compact minimal Lagrangian sub-
manifolds is again Hamiltonian stable, Theorem 7.3, [Oh].
9
In view of Proposition 1.5 and [Na], we have a complete description of minimal
Lagrangian submanifolds in complex projective spaces with parallel second fundamental
form.
Theorem 1.1 LetMn ⊂ CP n be a minimal Lagrangian submanifold with parallel second
fundamental form. Then it is a part of a product of minimal Lagrangian submanifolds
(4), (5), (6), (7), and (8).
Theorem 1.1 can be applied to improve the existing extrinsic or intrinsic curvature
pinching results for minimal Lagrangian submanifolds [Ma][MRU].
Example 1.3 Haskins provides families of ruled special Legendrian tori in S5, and
Joyce considers various symmetry reductions [Ha][Jo].
Example 1.4 Every compact Riemann surface can be embedded in CP 3 as a holomor-
phic Legendrian curve with respect to the Sp(2) invariant holomorphic contact structure
[Br1]. Consider the inverse image of a holomorphic Legendrian curve in S7 ⊂ C4 via
Hopf map. Its projection in CP 3 with respect to a different orthogonal complex structure
on C4 = H2 is minimal Lagrangian.
Proposition 1.6 [Wa1] Let u :M → CP n be a connected minimal Lagrangian subman-
ifold, and let
π1(M)→ Hol(M,S1) ⊂ O(2)
denote the holonomy of the associated flat S1 bundle u∗(S2n+1)→M . Then
Hol(M,S1) ⊂ Zn+1 ⊂ SO(2) if and only if M is orientable
Hol(M,S1) ⊂ Dn+1 ⊂ O(2) if M is nonorientable
where Dn+1 is the dihedral group of order 2(n + 1). In particular, if M is compact or
embedded, there exists a connected minimal Legendrian lift M˜ ⊂ S2n+1 that is compact
or embedded respectively.
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Examples 1.1, 1.2, 1.3, 1.4 and Proposition 1.5 and 1.6 provide many compact spe-
cial Legendrian (minimal Lagrangian respectively) submanifolds in S2n+1 (CP n) with
nontrivial topology.
Corollary 1.1 Let Σn ⊂ S2n+1 be a connected minimal Legendrian submanifold of even
dimension. Then the image of Σ in CP n under Hopf map is nonorientable whenever
Σ ⊂ S2n+1 is invariant under antipodal involution.
Proposition 1.7 Let Σn ⊂ S2n+1 be a compact special Legendrian submanifold of pos-
itive mass. Let c(n + 1) be the isoperimetric constant for (n + 1)-dimensional varieties
in R2n+2. Then
||Σ|| ≥ c(n+ 1)
(n + 1)n
.
Corollary 1.2 There exists a uniform lower bound for the area of compact minimal
Lagrangian submanifolds in CP n depending only on the dimension n.
Proof of the Proposition. Let 0 ×1 Σ = (0× Σ) ∩ B(1,R2n+2), where B(1,R2n+2) is the
unit ball in R2n+2. Since 0×1 Σ is mass minimizing,
||Σ||n+1 ≥ c(n + 1)||0×1 Σ||n = c(n+ 1) ||Σ||
n
(n+ 1)n
. 
We record the following topological obstruction for Lagrangian embedding.
Proposition 1.8 Let Mn be a compact, orientable, embedded Lagrangian submanifold
in CP n. Then the Euler Characteristic χ(M) = 0.
Proof. Since M is Lagrangian, the tangent bundle TM is isomorphic to the normal
bundle NM . M is orientable and embedded, which implies the Euler class of NM comes
from the restriction of an element in Hn(CP n,R) [Mil]. But H∗(CP n,R) is generated
by the Ka¨hler form. 
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2 Special Legendrian surfaces in S5
Let Σ2 ⊂ S5 ⊂ C3 be a special Legendrian surface. Σ is by definition integral to the
differential system
I = {~r y̟, ̟, ~r y Im(Υ) } (9)
with
̟ = dx1 ∧ dy1 + dx2 ∧ dy2 + dx3 ∧ dy3
−Im(Υ) = dy123 − dy1 ∧ dx23 − dy2 ∧ dx31 − dy3 ∧ dx12,
where dx23 = dx2 ∧ dx3, etc. Let e3 : Σ→ S5 ⊂ R6 = C3 be the position function. Take
an orthonormal basis {e1, e2} of Te3Σ, which we may regard as an SO(2) equivariant R6
valued functions on the unit tangent bundle SΣ.
Set
ni = J(ei),
e = ( e1, e2, e3 ), n = (n1, n2, n3 ).
Since Σ is special Legendrian, e1 ∧ e2 ∧ e3 ∈ Slag(3) and we get an SO(2) equivariant
map
( e, n ) : SΣ → SU(3) ⊂ SO(6). (10)
Differentiating (10), we get
d(e, n) = (e, n)

α −β
β α

 (11)
where α is an so(3) valued, and β is a trace free Sym(3,R) valued one form.
Let {ω1, ω2} be the basis of one forms dual to {e1, e2}, and ρ be the connection form
on SΣ. From the definition,
de3 = ω
1e1 + ω
2e2
12
and (11) becomes
α =


0 ρ ω1
−ρ 0 ω2
−ω1 −ω2 0

 , β =


β11 β
1
2 0
β21 −β11 0
0 0 0

 . (12)
Taking the exterior derivative of (11), we obtain the following structure equations.
d(ω1 + iω2) = iρ ∧ (ω1 + iω2) (13)
β11 − i β12 = (a− i b)(ω1 + iω2)
dρ = K ω1 ∧ ω2
K = 1− 2( a2 + b2 ).
Put h = a− i b, then
dh = −3 i h ρ+ h1(ω1 + iω2)
dh1 ≡ −4 i h1 ρ+ 3
2
hK (ω1 − iω2) mod ω1 + i ω2.
Set
Φ = ( a− i b ) (ω1 + i ω2 )3.
Then Φ is a well defined cubic differential on Σ holomorphic with respect to the complex
structure induced from the metric.
Bonnet type fundamental theorem for special Legendrian surfaces can now be stated
as follows. [Gr].
Theorem 2.1 Consider a triple ( Σ, g, Φ ) of a Riemann surface, a conformal metric,
and a holomorphic cubic differential. It is called admissible if
K = 1− 2 ||Φ||2, (14)
where ||Φ|| is the norm with respect to g, and K is the Gaussian curvature of the metric.
Let
π : Σ˜ → Σ
13
be the universal covering of Σ. Then the triple ( Σ˜, π∗g, π∗Φ ) is also admissible and
Σ˜ admits an isometric special Legendrian immersion in S5 with π∗Φ as the associated
holomorphic cubic differential. The immersion is unique up to motion by SU(3).
Note that given an admissible triple, there is an S1 family of admissible triples by taking
Φ→ eiτ Φ where eiτ is any complex number of unit length.
Take a point p ∈ Σ at which Φ is not 0, and a local coordinate z in a neighborhood
of p so that Φ = (dz)3. A conformal metric g = e2udzdz is compatible, (14), if
∆u+ e2u − 2 e−4u = 0. (15)
(15) is also known as the Monge-Ampere equation describing 2-dimensional affine spheres.
It has the largest, 8-dimensional, group of symmetry among nondegenerate(nonlinear)
elliptic Monge-Ampere equations.
Definition 2.1 A point p ∈ Σ of a special Legendrian surface is umbilic if the associated
holomorphic differential Φ vanishes at p.
Let dp denote the degree of zero of Φ at p. Let Sp be the geodesic 2-sphere tangent
to Σ at p and Lp be the special Lagrangian 3-plane such that Sp = Lp ∩ S5. It is clear
then that Sp has contact of order (dp + 1) with Σ at p, i.e., (dp + 1)th jet of φ at p is
contained in Lp.
Proposition 2.1 Let u : Σ → S5 be a special Legendrian immersion of a compact
orientable surface of genus g.
1. If g = 0, u(Σ) is the totally geodesic sphere S5 ∩ L, L ∈ Slag(3).
2. If g ≥ 1, ∑p∈Σ dp = 6g − 6.
Theorem 2.2 [Ha] Let Σ ⊂ S5 be a special Legendrian surface with Gaussian curvature
K.
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1. Suppose K is constant. Then either K = 1 and Σ is totally geodesic, or K = 0
and Σ is part of the hexagonal torus in Example 1.2.
2. If Σ is not linearly full in S5 ⊂ R6, it is totally geodesic.
3. Suppose Σ is compact and K ≥ 0. Then Σ is either totally geodesic or the
hexagonal torus.
Proof. 1 and 3 follow from ||dK||2 = 16||h||2||h1||2 and Simons’ type identity
−∆K = 12K||h||2 + 8||h1||2. (16)
2 is immediate from the structure equations (11), (12), and (13). 
Special Legendrian surfaces in S5 thus bear resemblance to minimal surfaces in S3.
The extrinsic geometric property, however, can be significantly different, for special Leg-
endrian surfaces are integral to the first order differential system (9).
Proposition 2.2 Let Σ ⊂ S5 be a special Legendrian surface, and γ ⊂ Σ a smooth
connected curve (γ may be a boundary component of Σ).
1. If γ contains an analytic arc, Σ inherits all the symmetry of γ.
2. The Gaussian curvature of Σ along γ can be determined from γ alone.
Proof. It follows from Proposition 1.2 and the structure equations (11), (13). 
In terms of the inclusion C3 ⊂ ImO, where O is the algebra of Octonians, special
Lagrangian cones are associative cones and their links, special Legendrian surfaces, are
complex curves in S6 with respect to G2 invariant almost complex structure. Bryant
showed every compact Riemann surface admits a branched immersion in S6 as a complex
curve with null torsion [Br2]. The only special Legendrian surface with null torsion in
this sense, even locally however, is totally geodesic.
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3 Reflection principle
Let
L⊥ = { (x, y) ∈ C3 | x = 0 } = ∂
∂y1
∧ ∂
∂y2
∧ ∂
∂y3
Π = { (z1, z2, z3) ∈ C3 | z3 = 0 }.
Definition 3.1 By geodesic reflection across L⊥ we mean the map rL⊥ : S
5 → S5 where
rL⊥(x, y) = (−x, y).
By geodesic reflection across Π we mean the map rΠ : S
5 → S5 where
rΠ(z
1, z2, z3) = (z1, z2, −z3).
Note rL⊥ and rΠ are symmetry of the special Legendrian differential system (9).
Consider an oriented isotropic 2-plane σ in C3. Since SU(3) acts transitively on the
set of isotropic 2-planes, as well as on the set of special Lagrangian 3-planes, we may
take the 2-plane
σ =
∂
∂y1
∧ ∂
∂y2
.
Then it follows from (9) that
Lσ = − ∂
∂x3
∧ ∂
∂y1
∧ ∂
∂y2
is the unique special Lagrangian 3-plane containing σ, and the 3-plane
L⊥ =
∂
∂y1
∧ ∂
∂y2
∧ ∂
∂y3
is the unique element in Slag⊥(3) that contains σ. Let
Π =
∂
∂x1
∧ ∂
∂y1
∧ ∂
∂x2
∧ ∂
∂y2
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be the complex 2-plane generated by σ. Note that both L⊥ and Π are orthogonal to Lσ
along σ.
The following reflection principle for special Legendrian surfaces can be considered
as an integral of these linear relations.
Proposition 3.1 1. Let Σ ⊂ S5 be a special Legendrian surface C1 up to its boundary
∂Σ. If part of ∂Σ lies in L⊥ ∩ S5, then Σ is necessarily orthogonal to L⊥ ∩ S5 and
can be analytically continued across each component of ∂Σ ∩ L⊥ by the reflection rL⊥.
Analogous reflection principle is true for ∂Σ that lies in a complex 2-plane Π.
2. Let M ⊂ CP 2 be a Hamiltonian stationary minimizing Lagrangian surface smooth
up to its boundary ∂M . If part of ∂M lies in Π∩CP 2, then M is necessarily orthogonal
to Π ∩ CP 2 and can be analytically continued across each component of ∂M ∩ CP 2 by
the reflection rΠ.
Proof. 1. From the orthogonal relation above, the union of Σ and its reflected image is
C1 along the corresponding boundary component. By Proposition 1.3, it is in fact real
analytic.
2. C1 Hamiltonian stationary minimizing Lagrangian surface is smooth [ScW]. 
Definition 3.2 Let Σ ⊂ S5 be a special Legendrian surface. A curve γ ⊂ Σ is anti-
special Lagrangian if it lies in L⊥ ∈ Slag(3)⊥, and it is complex if it lies in a complex
2-plane.
An anti-special Lagrangian or complex curve is necessarily a geodesic in the analyt-
ically continued surface. In fact, a curve on a special Legendrian surface is anti-special
Lagrangian(complex) if it is a geodesic on which the associated cubic differential Φ is
real(purely imaginary), Proposition 8.1.
Example 3.1 Consider the hexagonal torus in Example 1.2, which we parameterize
by zj =
1√
3
ei θj with θ1 + θ2 + θ3 = 0. Each of the curves θj + θk = const is anti-special
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Lagrangian and each curve θj − θk = const is complex.
Reflection principle analogous to Proposition 3.1 can be formulated for minimal La-
grangian submanifolds in Ka¨hler manifolds with (anti)Ka¨hler involution, Section 8.
4 Rational geodesic polygon
Let Γ = {P1, .. Pm = P0} ⊂ S5, m ≥ 1, be a finite union of anti-special Lagrangian
spheres L⊥ ∩ S5 and complex spheres Π ∩ S5. Γ is called a geodesic m-gon if Γ is
connected and its image in CP 2 is a m-gon, i. e., it consists of m vertices and two
dimensional faces. We define {vi = Pi∩Pi+1}m−1i=0 the vertices of the polygon with vertex
angle θi at vi, where cos
2 θi is the Jacobian of projection from Pi to Pi+1. Note in case
the adjacent faces are both complex, the corresponding vertex is a circle in S5. Let GΓ
be the group generated by reflections across each faces of Γ.
Lemma 4.1 Let v = P1 ∩ P2 ⊂ S5 be a vertex, and r1, r2 the reflections across P1, P2
respectively. The group generated by { r1, r2 } is finite if and only if the vertex angle at
v is a rational multiple of 2 π.
Proof. If P1, P2 are both complex or both anti-special Lagrangian, it follows form the
observation that such pair of planes is isoclinic [TeT]. The mixed case follows similarly,
Lemma 4.3. 
Note the finite group in each case is a Dihedral group.
Definition 4.1 Let Γ ⊂ S5 be a geodesic polygon. It is a rational polygon if each vertex
angle is a rational multiple of 2 π. It is of finite type if GΓ is finite.
Remark. Let X be a Ka¨hler surface. The above definition can be extended to a
geodesic polygon Γ ⊂ X , where Γ is a finite union of the fixed point locus of Ka¨hler or
anti-Ka¨hler involutions. Note in this case we must require in addition the two associated
angles, [TeT], at every non complex-complex vertex be rational multiples of 2 π.
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Example 4.1 Consider a finite group G ⊂ U(3) generated by unitary reflections of
period two [Cox]. Let E be the union of the axes of reflections. Any finite ordered set
{P1, .. Pm = P0 } ⊂ E of distinct elements in E is a rational polygon of finite type. A
particular class of such polygons will be examined in detail in Section 6.
We record the following for later application.
Lemma 4.2 Let Π1, Π2 be complex lines in C
2, and L ⊂ C2 be a Lagrangian plane
such that dim Π ∩ L = 1 for i = 1, 2. Then the angle of the wedge in L formed by the
intersection with Π1 ∪Π2 is determined from the angle between Π1, Π2.
Proof. Let {E1, N1, E2, N2 } be an orthonormal basis of C2 with J(Ei) = Ni. Without
loss of generality, we may assume Π1 = E1 ∧ N1, and Π2 = (cos(ϕ)E1 + sin(ϕ)E2) ∧
(cos(ϕ)N1 + sin(ϕ)N2), where ϕ is the angle between Π1, Π2. Suppose E1 ∈ L. Then
since L is Lagrangian, L = E1 ∧ E2. 
Lemma 4.3 Let γ1, γ2 be curves on a special Legendrian surface Σ that meet at a
vertex p ∈ Σ with an angle ϕ. Let L⊥1 , L⊥2 ∈ Slag(3)⊥ and Π1, Π2 ∈ GrC(2,C3).
1. Suppose γi ⊂ L⊥i ∩ S5 or γi ⊂ Πi ∩ S5 for i = 1, 2. Then cos2(ϕ) is determined
from the angle between L⊥1 and L
⊥
2 or Π1 and Π2.
2. Suppose γ1 ⊂ L⊥1 ∩ S5 and γ2 ⊂ Π1 ∩ S5. Then sin(2ϕ) is determined from the
angle between L⊥1 and Π1.
Proof. We consider the case γi ⊂ Πi ∩ S5 for i = 1, 2. Set Ei = ∂∂xi and Ni = ∂∂yi . Let
Π2 = E2 ∧N2 ∧E3 ∧N3 and without loss of generality, let E3 = p and E2 be the tangent
vector of γ2 at p. Then E1 ∧ E2 is the tangent space of Σ at p, and tangent vector of γ1
at p is of the form v = sin(ϕ)E1 + cos(ϕ)E2. Since γ1 ⊂ Π1, Π1 = E3 ∧N3 ∧ v ∧ J(v),
and cos2(ϕ) is the Jacobian of the orthogonal projection from Π2 to Π1. 
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5 Construction procedure
In this section, we describe a general method toward constructing complete or compact
(branched) minimal Lagrangian surfaces in compact Ka¨hler-Einstein surfaces without
Lagrangian homotopy classes. A minimal Lagrangian surface in CP 2 then lifts to a spe-
cial Legendrian surface in S5, Proposition 1.6. We remark however that main existence
theorem Theorem 5.1 provides only a Hamiltonian stationary Lagrangian disk with at
most finitely many interior singular points, and the disk is not minimal in general.
Let D denote the closed unit disk in the complex plane with the standard Lebesgue
measure, and D± = {(x, y) ∈ D | x T 0 }. Let X be a compact Ka¨hler-Einstein surface
without Lagrangian homotopy classes. Define
W 1,2L (D,X) = { l ∈ W 1,2(D,X) | l∗(x)ϕ = 0 for a. e. x ∈ D }
where W 1,2(D,X) is the Sobolev space of maps of square integrable first derivatives, and
ϕ is the symplectic form on X . For l ∈ W 1,2L (D,X), let E(l) denote the Dirichlet energy
and ∂l = l|∂D ∈ W 12 ,2(∂D,X).
Let Γ ⊂ X be a rational geodesic polygon. Define
W cL = { l ∈ W 1,2L (D,X) |E(l) ≤ c }
WΓ = { l ∈ W 1,2L (D,X) | ∂l(x) ∈ Γ for a. e. x ∈ ∂D }
W cΓ = { l ∈ WΓ |E(l) ≤ c }.
Then W cL is weakly closed in W
1,2(D,X) [ScW]. For simplicity, ∂l ⊂ Γ would mean
∂l(x) ∈ Γ for a. e. x ∈ ∂D.
Lemma 5.1 W cΓ is weakly closed in W
1,2
L (D,X).
Proof. Suppose li → l weakly. By lower semicontinuity of energy and the arguments in
Prop 2.6 [ScW], it suffices to show ∂l ⊂ Γ. Since the trace map W 1,2(D)→ W 12 ,2(∂D)
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is continuous, ∂li → ∂l weakly in W 12 ,2(∂D), and a subsequence ∂lij → ∂l in L2, and
hence a subsequence ∂lijk → ∂l almost everywhere. 
Let {P1, .. Pm = P0} be the set of faces of Γ. l ∈ WΓ is called monotone if there
exists a partition of ∂D = S1 by a set of m distinct points {q1, q2, .. qm = q0} ⊂ ∂D
called vertices such that ∂l(qi qi+1) ⊂ Pi+1 as an L2 map for i = 0, ... m− 1. Each of the
arc qi qi+1 is called an edge.
We begin with a relative version of the Gromov-Allcock isoperimetric inequality.
Denote S− = { (x, y) ∈ ∂D− | x2 + y2 = 1}, and Iy = { (x, y) ∈ ∂D− | x = 0}.
Proposition 5.1 [Wa2] Let Γ ⊂ C2 be either a Lagrangian plane, or a complex plane,
or a union of any two of Lagrangian or complex planes that intersect transversally at the
origin. There exists a constant µ(Γ) such that for any W 1,2 curve C : S− → C2 which
bounds a W 1,2 Lagrangian half disk(or a wedge respectively in case Γ consists of two
planes) l0 : D
− → C2 with l0(Iy) ⊂ Γ and l0|S− = C, there exists a W 1,2 Lagrangian
half disk(wedge) l : D− → C2 spanning Γ and C such that
Area(l(D−)) ≤ µLength2(C).
If Γ contains a complex plane, any curve C with boundary in Γ always bounds a La-
grangian half disk or a wedge with boundary in Γ.
These relative isoperimetric inequalities then give the relative analogues of the Collar
Lemma 4.8 in [ScW].
Corollary 5.1 Let Γ ⊂ X be a rational polygon, and suppose l ∈ WΓ is a weakly
conformal, monotone, weakly Lagrangian map that is minimizing in its relative homotopy
class. Then l is Ho¨lder continuous on D up to boundary.
Proof. The interior regularity is proved in Theorem 2.8 in [ScW]. Suppose q ∈ ∂D is a
vertex, and consider a small extension lˆ of l in a neighborhood of q by finite successive
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reflections across the corresponding faces of Γ, which is defined since l is monotone and
Γ is rational. The corollary follows from the relative isoperimetric inequality and the
interior regularity applied to lˆ. Regularity along the edges follows similarly. 
A weakly Lagrangian map l ∈ WΓ is called stationary if for any Lagrangian deforma-
tion vector field V along l which is tangent to Γ on ∂D, the variation of area
δVArea(l(D)) = 0.
It is Hamiltonian stationary if the variation vector field V is assumed to be Hamiltonian.
Proposition 5.2 Let Γ ⊂ X be a rational polygon, and suppose l ∈ WΓ is monotone
and stationary. For any q ∈ ∂D consider lˆ, which is a slight continuation of l by
successive reflections across the corresponding face(s) of Γ at l(q). Then lˆ is stationary
with respect to compactly supported Lagrangian variations.
Proof. Suppose q is an edge point, and l(q) lies on a face P of Γ. Take a representative
u = u− ∪ u+ of lˆ near q defined on D− ∪ D+ so that q corresponds to the origin and
u+ = rP ◦ u−. Given any compactly supported Lagrangian vector field V along u in
a neighborhood of q, let V˜ be the average of V with respect to rP . Then from the
symmetry of u,
δVArea(u(D)) = 2 δV˜ Area(u
−(D−)) = 0,
for V˜ is an admissible variation of u− along y−axis of D−. The case q is a vertex follows
by a similar argument. 
We now describe a set of conditions for the rational polygon Γ that is necessary for
our construction. For any configuration Y ⊂ X , πL2 (X, Y ) ⊂ π2(X, Y ) denotes the set
of relative homotopy classes that can be represented by Lagrangian disks.
Definition 5.1 Let Γ ⊂ X be a rational polygon with faces {P1, ... Pm = P0 }. Γ is
admissible if the relative Lagrangian homotopy classes πL2 (X,Pi), π
L
2 (X,Pi ∪ Pi+1), i =
0, ... m− 1, are trivial.
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Example 5.1 Suppose each faces of a polygon Γ ⊂ X is S2, and every adjacent pair
of faces intersects at a single point. Then Γ is admissible if X is without Lagrangian
homotopy class.
Let β ∈ πL2 (X,Γ) be a nonzero class which can be represented by a monotone La-
grangian disk. Define
WΓ,β = { l ∈ WΓ | [l] = β, l is monotone},
where [l] is the homotopy class represented by l. Note the maps WΓ → π2(X,Γ) and
WΓ →W 12 ,2(∂D,X)→ π1(Γ) are well defined and continuous [ScU][Ku].
As remarked in [Ku], there exists a lower bound δ > 0 such that E(l) ≥ δ for any
l ∈ WΓ,β, β 6= 0. Set
E(Γ, β) = infWΓ,β E(l)
A(Γ, β) = infWΓ,β Area(l).
Then A(Γ, β) = 1
2
E(Γ, β), and if E(l) = E(Γ, β), l is conformal and A(l) = A(Γ, β).
The following is the main existence theorem of this section.
Theorem 5.1 Let Γ ⊂ X be a compact admissible complex rational polygon in a compact
Ka¨hler-Einstein surface X without Lagrangian homotopy classes. Let β ∈ πL2 (X,Γ) be
a nonzero class which can be represented by a monotone Lagrangian disk. There exists
an area minimizing l ∈ WΓ,β with A(l) = A(Γ, β) which is a Hamiltonian stationary
branched Lagrangian surface with at most finitely many interior conical singular points
and smooth up to ∂D. l(D) generates a complete Lagrangian surface by successive
reflections across its boundary. If l(D) is smooth, it is minimal.
Proof. Let {lk}∞k=1 ⊂ WΓ,β be a minimizing sequence of monotone Lagrangian maps
with vertices { qjk}mj=1 that weakly converges to l ∈ WΓ.
Case m ≤ 3 or Γ is at most a 3-gon : In this case, we may assume each qjk = qj,
j = 1, ... m, is fixed for all k, and hence l is also monotone, proof of Lemma 5.1.
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Interior regularity. It follows from Theorem 4.10, Proposition 5.7 of [ScW].
Boundary regularity.
1. Since πL2 (X,Pj) = 0 and π
L
2 (X,Pj ∪ Pj+1) = 0, we can apply the relative collar
lemma and reflection to show there exist at most finitely many edge points and vertices
at which the energy measure of the sequence { lk } blow up. Each blow up points can
then be used to construct a sequence of minimizing Lagrangian disks(edge point) or
wedges(vertex) by the relative isoperimetric inequality. Again since Γ is admissible, such
sequence is trivial, and the blow up loci in ∂D is empty and lk → l strongly in W 1,2.
2. Let q ∈ ∂D be an edge point(or a vertex respectively), and let lˆ be the continuation
of l in a neighborhood of q via (successive) reflection(s) across the face(s) of Γ that contain
l(q). The relative isoperimetric inequality and collar lemma gives a relative version of
the strong W 1,2loc compactness theorem Proposition 4.7 of [ScW], which then shows the
existence of the tangent cone of lˆ at q.
3. From 1 and 2 and reflectional symmetry, the link of each tangent cone of lˆ along
the edge points of ∂D is C1, and from the normal form of the Hamiltonian stationary
Lagrangian cones in C2, [ScW], it is in fact smooth. One can easily check that the only
Hamiltonian stationary Lagrangian cone with reflectional symmetry across a complex
plane is flat, and hence each tangent map is proper holomorphic with respect to a suitable
coordinates via Schwartz reflection principle. Now boundary regularity follows as in
Theorem 4.10 of [ScW] using partial regularity Theorem 4.1 of [ScW]. Regularity at the
vertices is verified similarly.
Case m ≥ 4 : From the arguments in Case m ≤ 3, it suffices to show l is monotone.
Suppose m = 4, and qjk = q
j is fixed for j = 1, 2, 3. If the sequence q4k → q1, we
claim that the energy measure of the sequence lk blows up at q
1. For if not, lk → l
strongly in W 1,2 in a neighborhood of q1, and there exists a neighborhood U of q1 for
any neighborhood V of l(q1) in X such that lk(U) ⊂ V for all sufficiently large k. Since
each lk is monotone, this is a contradiction if we choose V so small that V ∩ P0 = ∅.
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We now apply arguments in 1. of Case m ≤ 3 above to show there exists a minimizing
sequence of Lagrangian wedges spanning P0 ∪ P1, which is trivial for πL2 (X,P0 ∪ P1) is
trivial. Hence the sequence { q4k } has a limit point in q3 q1 ⊂ ∂D distinct from q1 and
q3, and thus l is monotone.
The case m > 4 can be proved by successive application of the arguments for the
case m = 4.
If l is an immersion up to boundary, the mean curvature deformation is admissible
along the boundary due to reflectional symmetry, and l is minimal. General case with
branch points follows similarly by applying Lemma 8.2 in [ScW]. 
Remark. For general Ka¨hler-Einstein surface X and a compact rational complex poly-
gon Γ, a relative Lagrangian homotopy or homology class with respect to Γ can be
represented by a finite union of Hamiltonian stationary Lagrangian surfaces, wedges and
disks with boundary in Γ, and Lagrangian spheres.
Example 5.2 Let Γ ⊂ C2 be a rational complex polygon, and let αΓ ∈ π1(Γ) be the
class represented by a monotone closed curve that connects the vertices of Γ. By consid-
ering a sufficiently large torus C2/Z for some lattice Z, Proposition 5.1 and Theorem 5.1
imply there exists a monotone Hamiltonian stationary Lagrangian disk lΓ with ∂lΓ ⊂ Γ
such that [∂lΓ] = αΓ.
Suppose lΓ is smooth, hence minimal. Let dz
1∧dz2 be the holomorphic volume form
of C2, and, with a slight abuse of notation, consider
A(Γ) e−iΘ(Γ) =
1
2
∫
αΓ
z1 dz2 − z2 dz1.
Since dz1 ∧ dz2 = 0 on Γ, the above integral is well defined. A(Γ) and Θ(Γ) represent
the area and the phase of the minimal Lagrangian surface lΓ respectively.
Corollary 5.2 Let X be a compact Ka¨hler-Einstein surface. Let σ be a Ka¨hler invo-
lution, and Γσ be a compact fixed point locus of σ, which is a complex curve. Suppose
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πL2 (X,Γσ) is nontrivial. Then there exists a Hamiltonian stationary Lagrangian sphere
in X, which is smooth except at most finitely many conical singularities.
Proof. Remark below Theorem 5.1. 
Corollary 5.3 Let Γ ⊂ CP 2 be a rational complex polygon, and let α ∈ π1(Γ) be the
class which is represented by a monotone curve that connects the vertices of Γ. Then
there exists a Hamiltonian stationary Lagrangian disk l ∈ WΓ with [∂l] = α ∈ π1(Γ) which
is smooth up to boundary except at most finitely many interior conical singularities.
Proof. Let γ0 ∈ Γ be a monotone curve with [γ0] = α. By local accessibility theorem
for contact structures, [BCG], there exists a Legendrian lift γ ⊂ S5 of γ0. Let D0 ⊂ S5
be a disk with boundary γ. Then by triangulization and local accessibility theorem
for contact structures again, we can deform D0 to a Legendrian disk while keeping
the boundary fixed. Since Γ is admissible by Example 5.1, the corollary follows from
Theorem 5.1 and the fact the trace map W 1,2(D,Γ)→W 12 ,2(∂D,Γ) is continuous. 
Let M0Γ,α be the Hamiltonian stationary disk in the above corollary. Then by succes-
sive reflection across each edges, we obtain a complete Hamiltonian stationary Lagrangian
surface MΓ,α in CP
2, or a compact surface if GΓ is finite. Let ΣΓ,α ⊂ S5 be a connected
Legendrian lift of MΓ,α. ΣΓ,α →MΓ,α is a nontrivial covering when GΓ ∩Z(U(3)) 6= I3,
where Z(U(3)) is the center of U(3). For instance, MΓ,β is nonorientable whenever
−I3 ∈ GΓ, Corollary 1.1.
6 Surfaces Σk,3
Let k ≥ 3 be an integer and set
ǫ = exp
2πi
k
.
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Consider a set of lines in CP 2
P1 = { [z1, z2, z3] ∈ CP 2 | z1 = ǫ z2 }
P2 = { [z1, z2, z3] ∈ CP 2 | z1 = z2 }
P3 = { [z1, z2, z3] ∈ CP 2 | z2 = z3 },
and let {ri}3i=1 be the corresponding reflections. Let Γ = ∪3i=1Pi be the complex geodesic
triangle with vertices
vi = Pj ∩ Pk (ijk) = (123),
and the set of vertex angles
{ π
3
,
π
3
,
π
k
}.
The group Gk,3 generated by reflections {ri} is finite of order 6k2 with defining relations
r2i = (r2r3)
3 = (r3r1)
3 = (r1r2)
k = (r1r2r3r2)
3 = 1.
The image of Γ under successive reflections across edges gives rise to a tessellation of
CP 2 with 6k2 triangular faces and 3k + 2k2 vertices [Cox].
Let MΓ be a minimizer of area among all Lagrangian disks spanning Γ, and let
Mk,3 be the compact Hamiltonian stationary Lagrangian surface obtained by successive
reflection of MΓ. If MΓ is an immersed disk, we get from Gauss-Bonnet formula(since
MΓ spans the smaller angles at each vertex by the minimizing property) and Lemma 4.2,
∫
Mk,3
K dA = 6 k2 π (
1
k
− 1
3
),
and hence
χ(Mk,3) = k(3− k).
Consider now the Legendrian lift Σk,3 ⊂ S5. Since the center of Gk,3 is cyclic of
order (3, k), the greatest common divisor of 3 and k,
Σk,3 → Mk,3
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is 3:1 when k is a multiple of 3, and otherwise 1:1.
Theorem 6.1 For each integer k ≥ 3, there exist a compact Hamiltonian stationary
Legendrian surface Σk,3 ⊂ S5 of genus 3(1 + k(k−3)2 ) if 3 | k, and genus 1 + k(k−3)2 oth-
erwise. Σk,3 is smooth except at most finitely many conical singularities. The image of
this surface under Hopf map is a compact orientable Hamiltonian stationary Lagrangian
surface in CP 2 of genus 1 + k(k−3)
2
.
Remark. Compact orientable surface of genus ≥ 2 cannot be embedded in CP 2 as a
Lagrangian surface by Proposition 1.8.
Gk,3 acts on the vertices of the tessellation mentioned above with three orbits V+,
V−, and V0 of order k2, k2, and 3k respectively. Moreover, there exists a Lagrangian
reflection of CP 2 that interchanges V+, V−, and leaves V0 invariant as a set [Cox]. Note
this corresponds to adding a single generator of order two to Gk,3. The enlarged group
is also finite, and hence we obtain a rational Lagrangian polyhedral variety that consists
of equilateral triangles of vertex angle π
k
. From the symmetry, it is likely that Σk,3
is invariant under these enlarged group and hence can be constructed by successive
reflections of a fundamental domain spanning the equilateral Lagrangian triangle.
Suppose Mk,3 is smooth, hence minimal, and consider the subgroup G
even
k,3 < Gk,3 of
even elements, which is well defined for the defining relations are all even. From Hurwitz
formula,
Mk,3 → Mk,3/Gevenk,3 = CP 1
is a 3k2-fold cover branched over V+, V−, and V0 with branching degrees 3, 3, and k
respectively. This leads to an alternative description of Mk,3 in terms of a singular
solution to (15) on a hexagonal torus as follows. The original idea of quotient by discrete
symmetry is due to Robert Bryant in his unpublished note on Lawson’s minimal surfaces.
We follow the notations adopted in Section 2.
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Let w be a coordinate of Mk,3/G
even
k,3 , and set
w(V±) = ±1
w(V0) = 0.
As { V+, V−, V0 } is the umbilic locus of Mk,3, the holomorphic cubic differential Φ of
Mk,3, Section 2, is then a constant multiple of
(dw)3
w2(w2 − 1)2 .
Since Gevenk,3 acts as isometry, holomorphic cubic differential Φ and the metric g onMk,3
can be pushed forward to Mk,3/G
even
k,3 as a meromorphic differential Φ0 and a singular
metric g0. Let T be the hexagonal torus in Example 1.2, and π3 : T → CP 1 be the
threefold covering branched at three points { π−13 (1), π−13 (0), π−13 (1) }. Let z be the
standard coordinate on the universal covering C → T . Then π∗3(Φ0) is a holomorphic
differential on T . In fact, we may choose z so that
π∗3(Φ0) = λ(dz)
3
for some real λ > 0. Similar analysis for the metric g0 shows if we write
π∗3(g0) = e
2udz dz˜,
then u(z, z) is a function on T that satisfies the compatibility condition
△ u + e2u − 2λ2e−4u = 0
with appropriate logarithmic singularities at the branch points of π3.
7 Gauss map, polar surface, and bipolar surface
We now turn our attention to surfaces associated to a given special Legendrian surface.
It will be shown for example that generating functions of the contact transformations of
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S5 induced by SU(3) action, when restricted to a special Legendrian surface, describe a
minimal surface in the unit sphere of the Lie algebra su(3). To draw geometric conclusion
from this, we apply maximum principle to obtain the following half space theorem for
compact minimal Lagrangian surfaces in CP 2.
A compact minimal Lagrangian surface in CP 2 does not lie in any open geodesic ball
of radius π
2
− arccos( 1√
3
).
We continue to use the notation adopted in Section 2.
7.1 Gauss map
Let u : Σ → S5 be a special Legendrian surface. Gauss map u∗ : Σ → Isot+(2,C3) =
SU(3)/SO(2) is defined by
u∗ = e1 ∧ e2. (17)
u∗ is then a conformal and minimal immersion of Σ with the induced metric
du∗ ◦ du∗ = (2−K)du ◦ du.
Isot+(2,C3) admits an integrable CR-structure as a real hypersurface of the hyper-
quadric Gr+
R
(2,C3) ⊂ CP 5. Gauss map u∗ is never a complex curve with respect to this
CR-structure unless it is totally geodesic. Instead, consider the fibration in Lemma 1.1
Isot+(2,C3)→ S5
with CP 1 fibers. Upon reversing the orientation of each fiber, we obtain a new CR-
structure on Isot+(2,C3), under which the Gauss map is complex. This CR-structure
is however not integrable [Sal].
Let γ : S1 → S5 be an isotropic curve. Since the differential system for special
Legendrian surfaces (9) is invariant under SU(3) action, Noether’s theorem implies not
every such γ bounds a special Legendrian surface(variety or current). Equivalently, the
first order characteristic cohomology of the special Legendrian differential system is at
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least of dimension 8. Now by Lemma 1.1, every isotropic curve γ has a unique lift
γ∗ : S1 → Isot+(2,C3). Thus, a necessary condition for γ to bound a special Legendrian
surface is that its lift γ∗ must bound a complex variety in Isot+(2,C3). More specifically,
γ∗ must satisfy ∫
γ∗
η = 0,
where η is a 1-form on Isot+(2,C3) such that dη modulo contact form is a linear combi-
nation of forms of type (2, 0) or (0, 2) with respect to the aforementioned nonintegrable
CR-structure.
In case of a curve in a complex manifold, a necessary and sufficient condition for a
curve to bound a complex variety is known, and has been generalized to higher dimensions
by Harvey and Lawson [HL2].
7.2 Polar surface
We now view (17) as a map u∗ : Σ → ∧2R6. Consider the endomorphism of ∧2R6
induced from the complex structure J on C3 = R6, which we continue to denote by J .
Then J ◦ J = 1∧2
R6
, and let
∧2
R6 =
∧9
+⊕
∧6
− be the ±1 eigenspace decomposition.∧9
+ further decomposes as
∧9
+ = R⊕W 8 whereW is the adjoint representation of SU(3).
Let
u∗+ =
1√
2
(e1 ∧ e2 + n1 ∧ n2) ⊂ S7 ⊂W 8
u∗− =
1√
2
(e1 ∧ e2 − n1 ∧ n2) ⊂ S5 ⊂
∧6
−
be the respective projections, and note that u∗− is identified with u under the isomorphism
C
3 =
∧2
C
3. From the structure equations in Section 2,
du∗+ ◦ du∗+ = (3− 2K) du ◦ du
∆ u∗+ = −2 (3− 2K) u∗+ (18)
∆ u∗− = −2 u∗−. (19)
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Thus u∗+ is a minimal immersion into S
7, and we call u∗+ polar immersion of the special
Legendrian immersion u. Note that u∗+ is well defined on the minimal Lagrangian image
of Σ under Hopf map.
Let ξ ∈ ∧2R6 be a 2-vector, and set
uξ± =
√
2〈u∗±, ξ〉 = 〈e1 ∧ e2, ξ ± J(ξ)〉.
From (18) and (19), we get
∆ uξ+ = −2 (3− 2K) uξ+
∆ uξ− = −2 uξ−.
Proposition 7.1 Let Σ ⊂ S5 be a compact special Legendrian surface, and let e1 ∧ e2
be its oriented unit tangent plane field. For any 2-vector ξ ∈ ∧2R6,
∫
Σ
(3− 2K) 〈e1 ∧ e2, ξ + J(ξ)〉 dvolΣ = 0∫
Σ
〈e1 ∧ e2, ξ − J(ξ)〉 dvolΣ = 0.
In particular, for any 2-vector ξ ∈ W 8 or ξ ∈ ∧6−, there exists a point p ∈ Σ such that
〈e1 ∧ e2|p, ξ〉 = 0.
It is easily verified that if Σ is compact with genus ≥ 2, then its polar surface is
linearly full in W 8.
7.3 Bipolar surface
Let ̟♯ = e1∧n1+e2∧n2+e3∧n3 be the 2-vector dual to the Ka¨hler form ̟ of C3, which
is constant along Σ. We define the bipolar immersion associated to a special Legendrian
immersion u : Σ→ S5 by
u∗ =
√
3
2
(e3 ∧ n3 − 1
3
̟♯) ⊂ S7 ⊂W 8. (20)
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It is a conformal immersion with
du∗ ◦ du∗ = 3 du ◦ du
∆ u∗ = −6 u∗. (21)
Thus the bipolar immersion associated to a special Legendrian immersion is also minimal.
u∗ is also well defined on the minimal Lagrangian image of Σ under the Hopf map.
Coordinate functions of bipolar immersion admit a simple geometrical interpretation
in terms of generating functions. Let ξ ∈ su(3) = W 8, and denote its induced vector
field on S5 by Vξ. Define the generating functions Gξ ∈ C∞(S5) by
Gξ(p) = 〈p ∧ J(p), ξ〉
= 〈Vξ(p), J(p)〉.
Each Gξ is again a well defined function on CP
2.
Lemma 7.1 Gξ : su(3)→ C∞(S5) is one to one.
Proof. Suppose 〈Vξ(p), J(p)〉 ≡ 0. Let θ be the contact form (2), and LVξθ the Lie
derivative of θ. The lemma follows from the equation
LVξθ = 0 = d(Vξ y θ) + Vξ y dθ = Vξ y dθ, (22)
for dθ is nondegenerate. 
Let Σ be a special Legendrian surface in S5. Put
uξ =
√
2
3
〈 u∗, ξ 〉
= Gξ ◦ u
and denote G(Σ) = { uξ | ξ ∈ su(3) }. Then
∆uξ = −6 uξ,
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by (21).
Lemma 7,1 implies G(Σ) can be identified with the set of Killing - Jacobi fields on
Σ, i.e., the Jacobi fields along Σ obtained by orthogonal projection to the normal bundle
NΣ of Killing fields generated by SU(3) action.
Proposition 7.2 Let ξ ∈ su(3). Then uξ ≡ 0 on Σ if and only if Vξ is tangent to Σ.
Proof. From the structure equations of the homogeneous space S5 = SU(3)/SU(2),
there exists a set of 1-forms ω1, ω2, θ1, θ2 in a neighborhood of a point p ∈ Σ so that
−dθ = ω1 ∧ θ1 + ω2 ∧ θ2 and θ1, θ2 = 0 on Σ. The proposition follows from (22). 
Theorem 7.1 Let Σ be a special Legendrian surface in S5. Then dim G(Σ) ≥ 5, and
either
dim G(Σ) = 5 and Σ is totally geodesic, or
dim G(Σ) = 6 and Σ is a part of the hexagonal torus, or
dim G(Σ) = 7 or 8.
If Σ is compact and dim G(Σ) = 7, Σ is a torus. If Σ is compact with genus ≥ 2, then
dim G(Σ) = 8.
Corollary 7.1 Let Σ be a compact special Legendrian surface of genus ≥ 2. Then the
eigenspace of −∆ on C∞(Σ) with eigenvalue 6 is of dimension at least 8.
G(M) can be defined for a compact minimal Lagrangian submanifoldM in CP n. For
instance, dim G(M) ≥ n(n + 3)/2 with equality only if M is totally geodesic. G(M) is
a subspace of the eigenspace of −∆ with eigenvalue 2n+ 2.
Equation (21) also has the following geometric consequences when integrated over a
compact special Legendrian surface. Note (21) can be rewritten as
∆ (e3 ∧ J(e3)) = −6 e3 ∧ J(e3) + 2̟♯.
34
Lemma 7.2 Let v′, v be vectors in R2n = Cn with complex structure J . Then
〈v′ ∧ J(v′), v ∧ J(v)〉 = 〈v, v′〉2 + 〈Jv, v′〉2
= 〈v, v′〉2 + 〈v, J(v′)〉2.
Proposition 7.3 Let e3 : Σ→ S5 ⊂ C3 be a special Legendrian immersion of a compact
surface Σ. For any vector v ∈ C3 of unit length, set
uv = 〈e3 ∧ J(e3), v ∧ J(v)〉 = 〈e3, v〉2 + 〈J(e3), v〉2,
which represents the length square of the orthogonal projection of v onto the 2-plane
e3 ∧ J(e3). Then
∆ uv = −6 uv + 2.
Upon integration, ∫
Σ
(uv − 1
3
) dvolΣ = 0.
Theorem 7.2 LetM ⊂ CP 2 be a compact minimal Lagrangian surface, and let dist(q,M)
denote the distance of a point q ∈ CP 2 to M . Then
dist(q,M) ≤ arccos( 1√
3
)
for any q ∈ CP 2.
Proof. Take a point q˜ ∈ S5 in the inverse image of q ∈ CP 2 under Hopf map. By
Proposition 7.3, there exists a point p ∈ M such that dist(q˜, π−1(p)) = arccos( 1√
3
).
The theorem follows for Hopf map is an isometric submersion, and hence distance non-
increasing. 
Corollary 7.2 Let M ⊂ CP 2 be a compact minimal Lagrangian surface. Then M does
not lie in any open geodesic ball of radius π
2
− arccos( 1√
3
).
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Proof. Let q, q′ ∈ CP 2 be such that dist(q, q′) = π
2
. The open geodesic ball of radius
π
2
−arccos( 1√
3
) centered at q is disjoint from the closed geodesic ball of radius arccos( 1√
3
)
centered at q′. 
Theorem 7.2 agrees with Corollary 1.2 in that the area of a compact minimal La-
grangian surface cannot be too small. We also mention Theorem 7.2 and Corollary 7.2
is true for compact minimal Lagrangian submanifolds in CP n, n ≥ 2, with the constant
arccos( 1√
n+1
).
For minimal Lagrangian submanifolds in Ka¨hler-Einstein manifolds, there is a notion
of Hamiltonian stability and index introduced by Oh, which is finer or weaker than the
usual stability and index for minimal submanifolds [Oh]. Since submanifolds in Example
1.1 are all Hamiltonian stable, [AO], we have many Hamiltonian stable compact mini-
mal Lagrangian submanifolds in CP n via product, Proposition 1.5, whereas a compact
minimal submanifold in CP n other than complex varieties is unstable [LS].
A compact minimal Lagrangian submanifold M in CP n is stable under Hamiltonian
deformations near identity if λ1 ≥ 2(n + 1), where λ1 is the first nonzero eigenvalue of
−∆ on C∞(M) [Oh]. The remark below Corollary 7.1 gives a slight strengthening of
this result.
Theorem 7.3 A compact minimal Lagrangian submanifold M in CP n is (locally) Hamil-
tonian stable if λ1 = 2(n+1), where λ1 is the first nonzero eigenvalue of −∆ on C∞(M).
Remark. Are examples (4), (5), (6), (7), (8) and their product the only Hamiltonian
stable compact minimal Lagrangian submanifolds in complex projective spaces ?
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8 Intrinsic characterization and dual reflection
principle
In this section, we consider minimal Lagrangian surfaces in a complex space form X(c)
of constant holomorphic curvature 4c, c = 1, 0 or −1 for unified treatments. Special
Legendrian surfaces in S5 are naturally identified with minimal Lagrangian surfaces in
X(1).
We first recall the fundamental theorem for minimal Lagrangian surfaces in complex
spaces forms, of which Theorem 2.1 is a particular case.
Theorem 8.1 Let M˜ be a simply connected Riemann surface with a conformal metric
g and a holomorphic cubic differential Φ0 such that
K = c− 2||Φ0||2, (23)
where ||Φ0|| is the norm with respect to g and K is the Gaussian curvature of the
metric. Then there exists an S1 family of isometric minimal Lagrangian immersions
uτ : M˜ → X(c) with the associated holomorphic cubic differentials Φτ = eiτ Φ0, eiτ ∈ S1.
The immersion is unique up to ambient isometry of X(c) for each holomorphic cubic dif-
ferential Φτ . This family exhausts all isometric minimal Lagrangian immersion of M˜
into X(c).
The theorem follows from an application of Frobenius theorem [Gr]. For the last part,
suppose Φ and Φ′ are holomorphic cubic differentials induced from two isometric minimal
Lagrangian immersions of a given metric g. From (23), the 0-divisors of Φ and Φ′ are
determined from the Gaussian curvature. Thus Φ/Φ′ is a holomorphic function of unit
length, hence a constant.
The metric of a minimal Lagrangian surface in X(c) admits a simple intrinsic char-
acterization.
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Theorem 8.2 Suppose g is a metric of a minimal Lagrangian surface in a complex
space form X(c). Then the associated metric
g˜ = (
c−K
2
)
1
3 g
is flat. Conversely, let g be a metric on a simply connected surface M˜ such that the
Gaussian curvature
K < c,
and that the associated metric g˜ is flat. Then there exists an S1 family of isometric
minimal Lagrangian immersions uτ : M˜ → X(c), eiτ ∈ S1.
Proof. We present a proof for the case c = 1, and use the notations in Section 2. For
the first part of the theorem, take a local coordinate z on M˜ , away from the zero locus
of Φ, so that Φ = h(ω1 + i ω2)3 = (dz)3. Then the metric
( Φ ◦ Φ¯ ) 13 = dz ◦ dz¯ = (h h¯) 13g
is flat. The converse follows by reverse of this argument and Theorem 8.1. 
Given a minimal Lagrangian surface u : M → X(c), we now define its associate
family as follows. Let π : M˜ → M be the universal covering of M with the pulled
back metric and holomorphic differential π∗(Φ). By Theorem 8.1, there exist isometric
minimal Lagrangian immersions uτ : M˜ → X(c) with the associated cubic differential
eiτπ∗(Φ). A surface uτ (M˜) is called an associate surface of u(M). upi
2
(M˜) = M⋆ is in
particular the conjugate surface of u(M). Conjugate pair of surfaces satisfy the following
dual reflection principle.
Let γ be a curve on a minimal Lagrangian surface M in X(c). γ is Lagrangian if
γ ⊂M ∩L where L is a totally geodesic Lagrangian surface in X(c) that has orthogonal
intersection with M . γ is complex if γ ⊂ M ∩ Π where Π is a totally geodesic complex
curve in X(c). In the latter case Π is necessarily orthogonal to M . Π (L respectively) is
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the fixed point locus of an Ka¨hler (anti- Ka¨hler) involution of X(c), and as remarked in
Section 3, the reflection principles continue to hold in this setting.
Proposition 8.1 A curve on a minimal Lagrangian surface in a complex space form is
Lagrangian (complex respectively) if it is a geodesic on which the associated holomorphic
differential is real(purely imaginary).
Proof. We present a proof for the case c = 1. From the structure equations (11), assume
e2 is tangent to the curve γ, or ω
1 = 0 on γ. Then the unique anti-special Lagrangian
3-plane that contains e2∧ e3 is −n1∧ e2∧ e3. A computation shows d(n1∧ e2∧ e3) = 0 if
and only if ρ = 0 and b = 0. Similarly, the unique complex 2-plane generated by e2 ∧ e3
is e2 ∧ n2 ∧ e3 ∧ n3, and it is constant when ρ = 0 and a = 0. 
Corollary 8.1 A Lagrangian geodesic on a minimal Lagrangian surface in a complex
space form corresponds to a complex geodesic on its conjugate minimal Lagrangian sur-
face, and vice versa.
For instance, if M is obtained by successive reflection of a fundamental domain across
its Lagrangian or complex boundaries, so is its conjugate M⋆.
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